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Feng Xu 

Abstract. Some mathematical questions relating to Coset Conformal field theories 
(CFT) are considered in the framework of Algebraic Quantum Field Theory as devel- 
oped previously by us. We consider the issue of fix point resolution in the diagonal 
coset of type A. We show how to decompose certain reducible representations into 
irreducibles, and prove that the coset CFT gives rise to a unitary Modular Tensor 
Category in the sense of Turaev, and therefore may be used to construct 3-manifold 
invariants. We prove that if the coset inclusion satisfies certain conditions which can 
be checked in examples, the Kac-Wakimoto Hypothesis (KWH) is equivalent to the 
the Kac-Wakimoto Conjecture (KWC), a result which seems to be hard to prove by 
purely representation considerations. Examples are also presented. 



§1. Introduction 

This paper is a sequel to [X4]. Let us first recall some definitions from [X4]. 

Let G be a simply connected compact Lie group and let iif C G be a Lie subgroup. 
Let TT* be an irreducible representations of LG with positive energy at level on 
Hilbert space W . Suppose when restricting to LH^ W decomposes as: 

a 

, and tTq, are irreducible representations of LH on Hilbert space Ha- The set of 
(i, a) which appears in the above decompositions will be denoted by exp. 

We shall use tt^ (resp. tti)^ to denote the vacuum representation of LG (resp. 
LH). Let A be the Vacuum Sector of the coset G/H as defined on Page 5 of [X4]. 
The decompositions above naturally give rise to a class of covariant representations 
of A, denoted by Tii^a or simply {i,a), by Th. 2.3 of [X4], tti^i is the Vacuum 
representation of A. 



rd like to thank Professors J. Fuchs, Karl-Henning Rehren and C. Dong for useful correspon- 
dences. 1991 Mathematics Subject Classification. 46S99, 81R10. 

^When G is the direct product of simple groups, fc is a multi-index, i.e., k = (fci, where 
fci G N corresponding to the level of the i-th simple group. The level of LH is determined by the 
Dynkin indices oi H G G. To save some writing we write the coset as if C Gfe. 

•^This is slightly different from the notation tt*^ (resp. ttq) in [X4]: it seems to be more appro- 
priate since these representations correspond to identity sectors. 
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In §2.2 we consider the decompositions of certain reducible representations in 
the diagonal cosets of type An-i as considered in §4.3 of [X4] when action of the 
Dynkin diagram automorphisms is not free (cf. Page 31 of [X4]), which is part 
of the fixed point resolution problems known in physics literature (cf. [Gep], 
[LVW] and [SY]). Such problems have been known for some time, and there are 
no even clear mathematical formulations of such questions before. We will provide 
further evidence that the results of [X4] provide the right conceptual framework for 
understanding such questions. 

We first prove a general lemma 2.1 which we believe will play an important role 
in all fixed point resolution problems. Using lemma 2.1 and lemma 2.2, we prove (cf. 
(1) of Th. 2.3) that certain S'-matrices are non-degenerate. It follows from Th.2.3 
(Cor. 2.4) that the diagonal cosets of type ^jv-i give rise to a unitary Modular 
Tensor Category in the sense of Turaev (cf. P.74 and P.113 of [Tu]), and may be 
used to construct 3-manifold invariants (cf. P. 160 of [Tu]). We also calculate S 
matrices when N is prime. The result agrees with some of the results of [FSSl], 
[SY] from different considerations. 

To describe the results in §3, let us denote by Sij (resp. Sap) the S matrices of 
LG (resp. LH) at level k (resp. certain level of LH determined by the inclusion 
H cGk). Define^ 

b{i,a)=Y,S,,s7p{{j,P),{hl)) (1) 

Note the above summation is effectively over those (j, (3) such that (j, (3) G exp. 
The Kac-Wakimoto Conjecture (KWC) states that if (i, a) G exp, then 6(z, a) > 0. 
The Kac-Wakimoto Hypothesis (KWH) states that if {{j,P), {1,1)) > and 

(i, a) e exp, then SijSa/3 > 0. 

Note that since Sn > 0, Sai > 0, (1, 1) e exp, KWH implies KWC. 

KWC has proved to be true in all known examples. In fact, in §2.4 of [X4] an 
even stronger conjecture. Conjecture 2 (C2) is formulated. 

Unfortunately KWH is not true. In [X2] counter examples were found by using 
subfactors associated with conformal inclusions. However, KWH has checked to be 
true in so many examples, and it seems that it should be true or equivalent to KWC 
under some general conditions. The first main result in §3.1 is to describe such a 
condition (cf. Th.3.3). The condition^ is that : 

if ((l,/3),(l,l))>0,then/3 = l (2) 

. Th. 3.3 states that if H G Gk satisfies (2), and certain assumptions in §3.1 
which are expected to be true in general , then KWH is equivalent to KWC for the 
inclusion H C Gk- 

^Our {j,f3) corresponds to (M, /x) on P. 186 of [KW], and it follows from the definitions that 
((j, /9), (1, 1)) is then equal to multMifJ',p) which appears in 2.5.4 of [KW]. It is then easy to see 
that our formula (1) is identical to 2.5.4 of [KW]. 

^If we identify (1, /3) with (M, /x), where M is the vacuum representation, as on P.186 of [KW], 
then condition (2) is the statement that if (M, /x) £ Sm, with Sm defined on P.186 of [KW], then 
jU must be the vacuum representation of the subalgebra. 
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Condition (2) can be shown to be equivalent to the normality of certain inclusions, 
but we will not discuss this in this paper. 

In §3.1 we also give an example which does not satisfy (2), and verifies KWC but 
not KWH. This is also the first example of non-conformal inclusion which does not 
verify KWH. 

It is interesting to note that Th. 3.3 can be thought as a statement about rep- 
resentations of affine Kac-Moody algebras without even mentioning von Neumann 
algebras, yet it seems to be hard to obtain such results without using subfactor 
theory (cf.[J]). We give another example of this nature in Prop. 3. 2. For more such 
statements, see inequality on Page 11 of [X2] and in particular (2) of Th.4.3 of [X4]. 

In §3.2 we prove a property (Prop. 3. 4) of Conjecture 2 (C2) in [X4]. It states 
that ii H\ <Z H2,H2 <Z G verifies C2, then Hi C G also verifies C2, thus reducing 
C2 to maximal inclusions which are classified in [Dynl], [Dyn2]. We also give an 
example related to A'^ = 2 superconformal theories. 

2. Fixed point resolutions in the diagonal cosets of type An-i 

2.1 Preliminaries. Let us first recall some definitions from [X2]. Let M be a 
properly infinite factor and End(M) the semigroup of unit preserving endomor- 
phisms of M. In this paper M will always be the unique hyperfinite IIIi factors. 
Let Scct(M) denote the quotient of End(M) modulo unitary equivalence in M. We 
denote by [p] the image of p G End(M) in Sect(M). 

It follows from [L3] and [L4] that Sect(M), with M a properly infinite von Neu- 
mann algebra, is endowed with a natural involution $ ^ $ ; moreover, Sect(M) is 
a semiring with identity denoted by id. 

If given a normal faithful conditional expectation e : M ^ p{M), we define a 
number (possibly oo) by: 

dj'^ := Max{A e [0, +oo)\e{m+) > Am+, Vm+ e M+} 

(cf. [PP]). 
We define 

d = Mm^{de\de < oo}. 

d is called the statistical dimension of p. It is clear from the definition that the 
statistical dimension of p depends only on the unitary equivalence classes of p. The 
properties of the statistical dimension can be found in [LI], [L3] and [L4]. We will 
denote the statistical dimension of p by dp in the following, d"^ is called the minimal 
index of p. 

Recall from [X2] that we denote by Secto(M) those elements of Sect(M) with 
finite statistical dimensions. For A, p G Secto(M), let Hom(A,/u) denote the space 
of intertwiners from A to p, i.e. a G Hom(A,p) iff aX{x) = p{x)a for any x G M. 
Hom(A, ji) is a finite dimensional vector space and we use (A, p) to denote the 
dimension of this space. (A, |u) depends only on [A] and [p]. Moreover we have 
(z^A, p) = {\,vp), {y\p) — {j^i P'^) which follows from Frobenius duality (See [L2] 



4 



FENG XU 



). We will also use the following notation: if is a subsector of A, we will write as 
fj, ^ X or X y ij,. A sector is said to be irreducible if it has only one subsector. 

Recall (cf.[L2]) for each p G End and its conjugate p with finite minimal index, 
there exists Rp e Hom(i(i, pp) and Rp e Hom(i(i, pp) such that 

R;p{Rp)^i,R;p{Rp)^i 

and ||i?p|| = ll-Rpll = y^d^- The minimal left inverse 0p of p is defined by 

0p(m) = R*pp{m)Rp 

The following lemma plays a fundamental role in §2.2. 

Lemma 2.1. Let a,b,c E End{M), [c] = [ab] and a, b have finite statistical dimen- 
sions. Suppose T e End{M) has order t in Sect{M) , i.e., t is the least positive 
integer such that [r*] = [id\, and [ar] = [a], [rb] = [b]. If 

(c, c) = t 

, then Hom{c, c) is an abelian algebra with dimension t and hence there exist irre- 
ducible sectors ci, q such that 

c= Cfe 

l<A;<t 

. Moreover, dc,. = jdc, k ~ 1, t. 

Proof: From [ar] = [a] we conclude by using Frobenius duality that (aa, r*) > 1, 
and since r has order t in Sect{M), we must have 

day ^ T* 

0<i<t-l 

. Similarly 

bby 

0<i<t-l 

Since 

t = (c, c) = {ab, ab) = {da, bb) 

> Yl {aa,T'){T\bb) >t 

0<i<t-l 
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, it follows that all the > are = and in particular (aa, id) = (66, id) = 1, i.e., both a 
and 6 are irreducible. It is enough to prove the case c = ab. Since [rb] = [b] , there 
exist unitary elements v E M such that 

V e Hom{b, rb) 



b = Tyb 



. Define t„ = v*tv, then 
, and so 

6 = T*6 

. Since [r*] = [id] , there exists a unitary vi such that 

Ty = Adyj^ 

and so vib = bvi. Since 6 is irreducible, vi is equal to identity up to a complex 
number whose absolute value is 1, so 

T* = id 

. From [or] = [aTy] = [a] there exists a unitary u such that u e Hom{aTy, a). It 
follows that 

u^a = u^ar^ = av} 

, so = x.l with x G C, X has absolute value one, since a is irreducible. Define 
w — x'tu so that — 1. Note w G Hom{ab, ab). Denote by 0^ the minimal left 
inverse of a, 6. We claim that (j)b4'a{'w^) = dadi,6io for < i < t — 1. It is enough to 
show (f)i,(f)a{w'^) = for < z < t — 1. Since 6 is irreducible, (j)a{w'^) £ Hom (b,b) = 
C.l, and so (j)b(j)a{w'^) = R^(f)ai'w'^)Rb- But 

Rl4>a{w')Ri = RlRld{w')RaRi = Rlda{Rl)a{w')RaRi 

= Rld{a{Rl)w')RaR-t = Rld{w'aTl{Rl))RaRi 
= Rld{w')da{Ti{RD)RaRi 
= R:a{w')Ra4{Rl)R-b 

, and use the fact r„6 = 6 it is easy to see that t^{R^)Ri G Homiid^rl). Since 
(t\ zd) = 0, < z < t — 1, it follows that T^(i?^)i?5 = and so <j)b<i>a{w'^) = dadbSm 
for < z < t - 1. . 

If ^o<i<t-i = 0,Xi & C, multiplied both sides by w*~'^ and apply (f)b(t>a, 
we get a^i = 0. so id,w,w'^, ...,w*~^ are linearily independent in Hom(c,c). and 
since Hom(c,c) has dimension t, Hom(c,c) is therefore an abelian algebra with ba- 
sis id,w,'uP, ...,w^~^. Note w*' = 1, so the minimal projections Pk,k = in 
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Hom(c,c) are given by — ^o<i<t-i i(^^P(^T^)'^)"'- Let c/s -< c be the irre- 
ducible sector corresponding to P/s, then by [L4] 

dck = 4>a4>biPk) = jdadb = jdc, k = l, ...,t. 

Q.E.D. 

Next we will recall some of the results of [Reh] (also cf. [FRS]) and introduce 
notations. 

Let [pi] denote the equivalence classes of irreducible superselection sectors 
(cf.[GL]) in a finite set. Suppose this set is closed under conjugation and com- 
position. We will denote the conjugate of [pi] by [pj] and identity sector by [1] if 
no confusion arises, and let N^ij = {[pi][pj], [pk])- We will denote by {T^} a basis of 
isometrics in Hom(pfe, p^pj). The univalence of pi (cf. P.12 of [GL]) will be denoted 
by ujp^. 

Let (f)i be the unique minimal left inverse of pi, define: 

Yij := dp,dp.(j)j{e{pj,pi)*e{pi,pj)*), (0) 

where e(/9j, pi) is the unitary braiding operator (cf. [GL] ). 

We list two properties of Yij (cf. (5.13), (5.14) of [Reh]) which will be used in 
§2.2: 

Yi^=Yn = Y^ = Yi] (1) 

Y^.=Y.^i^dp, (2) 
k 

. Let us explain the proof of (2) since similar but different proof appears in the 
proof of Lemma 2.2. 
We have: 

MT.TeT:e{pj,Pire{pi,pjrTeT:) = ^ ^^.(TeT;) 

^i^j ATk dp^ 



Uk dp^dp. 

, where in the first = we used the Monodromy equation (cf. [FRS] or [XI]), and 
the second = follows from [L2]. 

Define a := d'^_uj~\ If the matrix (Yij) is invertible, by Proposition on P.351 
of [Reh] a satisfies |a"p = d^.. Suppose a — \a\ exp{ix), x G M. Define matrices 

S:=\a\-'Y,T:^eMi^)Diag{iOp,) (3) 
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Then these matrices satisfy the algebra: 



SS^ = TT^ = id, (4) 
TSTST = S, (5) 
= C,TC = CT = T, (6) 

where = Sj^j is the conjugation matrix. Moreover 

j^k^y^ S.mSjmStm ^ (7) 

(7) is known as Verhnde formula. 

Now let us consider an example which verifies (1) to (7) above. Let G = SU{N). 
We denote LG the group of smooth maps f : ^ G under pointwise multipli- 
cation. The diffeomorphism group of the circle Diff5'^ is naturally a subgroup of 
Aut(LG) with the action given by reparametrization. In particular the group of 
rotations RotS'"'^ ~ ^7(1) acts on LG. We will be interested in the projective unitary 
representation tt : LG U{H) that are both irreducible and have positive energy. 
This means that tt should extend to LG ix Rot 5"^ so that H = (Bn>oH{n), where 
the H{n) are the eigenspace for the action of RotS"^, i.e., re^ — exp'"^ for 6 e H{n) 
and dim H{n) < oo with H{0) ^ 0. It follows from [PS] that for fixed level K which 
is a positive integer, there are only finite number of such irreducible representations 
indexed by the finite set 

^ i=l,-",iV-l i=l,---,n-l ^ 

where P is the weight lattice of SU{N) and Aj are the fundamental weights and 
h = N + K. We will use 1 to denote the trivial representation of SU{N). For 
A, e define 

N^x,= E ^^^^^ (8) 

where S\s is given by the Kac-Peterson formula: 

Sxs = c E exp{iw{S) • XlTr/n) (9) 

w£Sn 

. Here = det{w) and c is a normalization constant fixed by the requirement 
that {S\s) is an orthonormal system. It is shown in [Kac] P.288 that N^^ are non- 
negative integers. Moreover, define Gr{CK) to be the ring whose basis are elements 
of with structure constants N^^. The natural involution * on is defined 
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by A I— > A* = the conjugate of A as representation of SU{N). All the irreducible 
representations of Gr{CK) are given by A — > for some /i. 

The irreducible positive energy representations of LSU (N) at level K give rise to 
an irreducible conformal precosheaf A and its covariant representations (cf. P. 362 of 
[XI]). The unitary equivalent classes of such representations are the superselection 
sectors. We will use A to denote such representations. 

For A irreducible, the univalence ux is given by an explicit formula . Let us first 
define 

_ C2(A) 

where C2 (A) is the value of Casimir operator on representation of SU (N) labeled by 
dominant weight A (cf. 1.4.1 of [KW]). Ax is usually called the conformal dimension. 
Then we have ux = exp(27rzA;\). 

Define the central charge (cf. 1.4.2 of [KW]) 

gdim(G) 

^ K+N ^ ' 

and T matrix as 

T = diag{ujx) (12) 

, where lox = (jOxexp{ "^24*^^ )• -^^ Th.13.8 of [Kac] S matrix as defined in (9) and 
T matrix in (12) satisfy relation (4), (5) and (6). 

By Cor.l in §34 of [W2], The fusion ring generated by all A G is isomorphic 

to Gr{CK), with structure constants N^^ as defined in (8). One may therefore ask 
what are the Y matrix (cf. (0)) in this case. By using (2) and the formula for N^^, 
a simple calculation shows: 

V — 

-fA/i — 

, and it follows that Ya/u is nondegenerate, and S, T matrices as defined in (3) are 
indeed the same S,T matrix defined in (8) and (11), which is a surprising fact. If 
the analogue of Cor.l in §34 of [W2] is established for other types of simple and 
simply connected Lie groups, then this fact is also true for other types of groups by 
the same argument. 

In §2.2 we will also consider the case when G is the direct product of two type 
A groups. In that case the S', T matrices are just the tensor product of the S, T 
matrices corresponding to each subgroup. 

2.2 Fixed point resolutions. We preserve the set up of §4.3 of [X4]. We consider 
the coset G := SU{N)m' x SU{N)m" / H := SU {N) j^u^rn" ^ where the embedding 
H G G is diagonal. Let Ai, A^r-i be the fundamental weights of SL{N). Let 

k eN. Recall that the set of integrable weights of the affine algebra SL{N) at level 
k is the following subset of the weight lattice of SL{N): 

P^l = {A = AiAi + ... + Ajv-iAiv-i|Ai e N, Ai + ... + Ajv-i < h} 
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where h = k + N. This set admits a automorphism generated by 

N-l 

ai : X — (Ai, A2, Aat-i) cxi(A) = {h — ^ Aj, Ai, AAr_2) 

. We define the color r(A) := ~ l)imod(A^) and Q to be the root lattice of 

Sl{n) (cf. §1.3 of [KW]). Note that A e Q iff ^t(A) e Z. 

We use i (resp.o:) to denote the irreducible positive energy representations of LG 
{resp.LH). To compare our notations with that §2.7 of [KW], note that our i is 
(A', A") of [KW] , and our a is A of [KW]. We will identify i = (A', A") and ct = A 
where A', A", A are the weights of SL{N) at levels 'm',m",m' + m" respectively. 
Suppose 

i = (Ai', A,") J = (A2', A2"), k = (A3', A3"), a = Ai, /5 = A2, 5 = A3. 

Then the fusion coefficients iV^^- := A^Ai''A2'^a'"A2" (^«^sp. N^^ := N^^j^^ )of LG 
(resp. LH) are given by Verlinde formula (cf. §2.1). Recall TTj^Q, are the covariant 
representations of the coset G/H. The set of all (z, a) := (A', A", A) which appears 
in the decompositions of tt* of LG with respect to LH is denoted by exp. This set 
is determined on P. 194 of [KW] to be (A', A", A) G exp iS A' + A" - A e Q. The Zn 
action on (z, a), Vi, Va is denoted by ct(z, a) := {a{A'), a{A"), o"(A)), a G Zn. This is 
also known as diagram automorphisms since they corresponds to the automorphisms 
of Dykin diagrams. Note that this Zjv action preserves exp and therefore induces a 
Zn action on exp. 

We define a vector space W over C whose orthonormal basis are denoted by z ® ct 
with i = (A', A"), a = A. is also a commutative ring with structure constants 
given by Nj^N^^. Let V be the vector space over C whose basis are given by the 
irreducible components of CTjOi^a (cf. §4.3 of [X4]) . Then V = Vo®Vi, where Vq is 
a subspace of V whose basis are given by the irreducible components of CTjai^a with 
(z, a) G exp, and Vi is the orthogonal complement of Vq in V. The composition 
of sectors gives V a ring structure. By (1) of theorem 4.3 of [X4], the irreducible 
subrepresentations of {i, a) of the coset are in one-to-one correspondence with the 
basis of Vq and this map is a ring isomorphism by (1) of Prop. 4. 2 of [X4], and we 
will identify the irreducible subrepresentations of (i, a) of the coset with the basis 
of Vq in the following when no confusion arises. Note that Vq is a subring of V and 
Vo.Vi C Vi. 

Define a linear map P : W ^ V such that P{i ^a) — cJiai^a- By Th.4.3 of [X4] 
P{i (S>a) = aitti^a = P{i' ® «') = crvai^a' 

iff f7*(z) = i',(j%a) = a' for some s G Z. Also {P{i®a),P{i® 13)) = if P(i(g)a) ^ 
P{j (8) P) by (*) of §4.3 of [X4]. 

Note P{(t{1) ® cr(l)) = 1 and P is a ring homomorphism from W to V. Define 
Wo := P-^(Vb), Wi := P-^(Vi), then W ^Wo®Wi since exp is a invariant. Note 
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that i<^a e Wq iSi—a e Q. Define the action of on W as a{i<^a) = a{i)0a{a). 
Much of the following depends on the relation between W and V. 

Assume a^{i<^a) = i<^a for some i^a E W, and < s < is the least positive 
integer with this property. Let t = By equation (*) on Page 30 of [X4] we have: 

{P{i®a),P{i®a)) =t 

. Our first question is to decompose P{i ® a) when t > 1. 

Apply lemma 2.1 to the present case with P(z(8)l) — a, P{l^a) — P{a^ ^1) = 
T, we conclude that there exists ci, e V such that 

i<fc<t 

and dcf, = ^dida, k = 1, t. Note that if P~^{P{i (g) a)) = {ii (g) cui, ...is cug}, 
then st — N. 

Note we identify the covariant representations of the coset with the basis of 
PiWo) = Vq. The univalence of A := P{i (g) a), z o; e Wq are given by: cja = 
exp(27ri(Ai — Aq,)), where A^, Aq, are the conformal dimensions (cf. §2.1, and if 
i = (A', A"), Ai := Aa' + Aa")- Note if A a, then Ua = uja- The univalence is 
only defined for covariant sectors which correpond to elements of Vq. However, for 
convenience let us define Wi^a '•= ^i^a^ for i <S> a & W. Then if z (8) a e Wq, u)iLV~^ 
which is the univalence of P{i (8) a) depends only on P(i (g) a) , i.e., u>iU>~^ depends 
only on the orbit of i ® ct under the action. 

Suppose A := P{i ® a),B := P{j ® I3),i ® a, j ® (3 G Wq. Let 4>a, 4>b be the 
unique minimal left inverses of A, B. Define 

Yab := dAdB(f>BM<B, ^)*e(^, B)*) (1) 

. Note (1) is similar to (0) of §2.1 , the difference here is that our A, B may be re- 
ducible and hence we need to include (f)B in the definition since (pAi^iB, A)*e{A, B)*) 
may not be a scalar. 

To avoid confusions we will denote 5" matrices associated to indices i (Recall from 
§2.1 this is the tensor product of S matrices associated to two type A subgroup of 
G) by Sij and the S matrices associated to indices a by Sa/s- 

Lemma 2.2. Suppose A :— P{i ® a),B :— P{j ® ® a,j ® /3 G Wq, and 
A = ^i<j<^ Cj with dci = jdA- Then: 

(1) {ciB,P{k®5)) = \{AB,P{k®5)),yk®5 e W ; 

(2) Yab = tt|f ; 

(3) Y,^B = ^^Yab; 

(4) IfB = Ej bj, then E,- ^c,6, = Y^^b- 

Proof: Ad (1): Denote by C := P(k (8) S). Then by Probenius duality 



{ciB,C) = {ci,CB) 



ALGEBRAIC COSET CONFORMAL FIELD THEORIES II 



11 



. By the definitions of S, C, 

CB = IA + ^D 

, where / > is an integer, and D are elements of the form P{k' (E) 6') which arc 
different from A, and by (*) in §4.3 of [X4] {D, A) = 0, and so {D, Ci) = 0. It fohows 
that 

{ciB,C) = {ciM) = l 
, which is independent of i. Since A = 5^i<j<t Ci, (1) follows. 

Ad (2): The main point of the proof is that even though A, B may be reducible, 
their univalence are complex numbers, so the monodromy equation (cf. [FRS] or 
Page 359 of [XI]) holds, and we have: 

<l>AM<B,Are{A,Br) = <l>AMT.^eT:e{B,Are{A,Br)T,T:) 

= E— 



UJe dAds 



UJe dAds 

, where e & V means we sum over the basis of V. Note that the summation 
above is effectively over Vq since A G Vo,B G Vq and Vq is a subring. Suppose 
P{k05) = ei + e2 + ■■■ + Cm, k<Si 5 G Wq, with de^ — ^dkds , = ^k^^^ ■ Assume 
p-^{P(k (8) S)) = ki0 Si, kn ® Sn, with mn = N. Then 

^ ciJei dAds rn UkOJ^ dAds 



. Prom 

{AB,P{k^d)) = {aiai(g,^ajai^p,akai^s) = W'Oi®^', cTfeai^^) 

+ - + 

, cf. equation (*) on Page 30 of [X4], we conclude that 
, and so 

-1, 



<^AM<B,Aye{A,Br)^ J2 ' ' A^giVf 



cdfcu;^ ^ ^-^ "^^didadjdp 



ew 
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, where in the last = we have used (2) and the comment after (12) in §2.1. 

Ad (3): As in the proof of (2) let P{k <^6),k^S e Wq, P{k ^ 6) = d + ... + 
em,P~^{P{k (8) S)) = {ki (8) Si, ...,kn <S> 5n}, with mn = N. Then 

y:(c,S,e,)^^4, = -{ciB,P{k^5))^^d,ds 

= lL{AB,P{k®5))'^^^dkds 
t m <jJk®5 

, where on the second = we used (1), and (3) follows immediately. 
Ad (4): First note uji,. = ujb- By (2) of §2.1, we have: 



J 3 e " e J 

= y^(cig,e) ^"'^^ de = YciB 



Q.E.D. 

Recall the basis of Vq corresponds to a finite set of irreducible covariant sectors 
of the coset: it is closed under composition, conjugation and contains identity by 
Th.4.3 of [X4]. Define the Y matrix as in (0) of §2.1. Then we have: 

Theorem 2.3. (l).The matrix Y is invertible. 
(2) The number a := ^g^y dl'-^e^ ^■^ given by 



, where 



Lie -C N ^'-1 N{N^-l) 1 1 1 . 

24^ ^ 24 24 ^m' + N m' + N m'+m" + N' 



Proof: By (i) of Prop, on Page 351 of [Reh] it is enough to show that if e is such 
that 

Yeg = dedg Vfif 

, then 6 = 1. Suppose B := P{j (g) /3) = Zli<i<tB Qi'^ 9,B e Vq, by (4) of lemma 
2.2 

YeB = Ygg. = dedg^ = d^ds 
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. Suppose A = P{i <S)a) — ^i<j<^ Q >- e, = jdc- Then by (3) of Lemma 2.2 we 
have: 

YAB = dAdB,yB eVo 
and by (2) of lemma 2.2 we have 



Sij Saf3 J J J J 

— — -r — = aidjdaap 

Oil bll 



, and it follows that 



for any j ® (3 & Wq. Note 



-^^ = didc 
oij bip 



Sij Sip 
, there must exist aij e R such that 



^ = exp{iaij)di, ^ = exp{iaij)da 
oij bii3 



, for any j ®P E Wq. Suppose {j,/3) = (A', A"; A), (i, a) - {M',M";M), then 
A' + A" - A e Q, M' + M" -M e Q. From 

= ex.p{iaij)da 

Oif3 

we get 

1-^; — I — "M 

'->1A 

for any A e ^ , and so 

A A 

, i.e., dj^ — 1. It follows that MM is the Vacuum sector, and so MA is always 
irreducible. Choose A corresponding to the defining representation of SU{N), it 
follows from the fusion rules that M must be of the form cr*(l) for some s e 
Z. Since P{i ® a) = P{a-%i a)) = A, replacing {i,a) = {M', M";a^{l)) by 
a~^{i, a) = (cr~^(M'), cr~*(M"); 1) if necessary, we may assume s = 0, i.e., a=l. 
Similarly (M', M") — (a-*i(l), a^'^{l)), and using a = 1 we have 

Sm'A' Sm"A" , , w/A/ A//^ 
-E, o ^ dM'dM",y{A , A ) 

-JIA' biA' 
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. Choose A' to be the Vaccum representation and A" corresponding to the defining 
representation of SU{N) and use (2.2.15) of [KW], we conclude M' is the Vacuum 
representation, and similarly M" is also the Vacuum representation. 

So we have proved P{i (8) cu) e is the Vacuum sector, and therefore e must be 
the Vacuum sector. 

Ad (2): First we claim: 



eeVo geWo 



Suppose P{g) = f, P ^(P(fi')) = {fi-i, ...,fi'n}, and P{g) = f = ei + ... + e^, with 

E<-^' = E 



mn — N . Since uJe^ — '^g-, dei — dg. — dg, ujg. — ujg, we have 

72 j2 



"■9 , -1 _ "5, -1 

~^^g — — ^g 



, and so 



ei gj 

, and it follows that 
. Next let us show 

. Again Suppose g = i® a,P{g) = /, p-^{P{g)) = {^1, ...,^n}, and P{g) = f = 
ei + ... + Cm, with mn = N. So we have cr"'(z, a) = {i,a),gk = a^~^gi^ 1 < k < n. 
Note that 

-1 /-27ri(r(i) - r(a)) _i 
= exp( )uJiUJ^ 



. Denote by z := exp(^^^^^^^^p^^), then z'^ = I since cT"(i, a) = (z, a), but ^ ^ 1 

, i.e., ("(^)-"(")) ^ Z. So 



since z (8) a is not in Wq, i.e., ("^(^) ^'^"^^ ^ Z. So 



flfc l<fe<n 



We have 



E ^e^e ' = E ^'^3 ' " E ' 
seVb g€Wo g&W 



1 -67ri(CG-Cjj), 1 1 
exp( 77Z )- 



A^ ^ 24 ^-Sn^ii 
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, where in the last = we have used (3), (12) and comments after (12) in §2.1, and 
Cg and Ch are central charges given by (1.4.2) of [KW], i.e., 

_ (iV2 - l)m' (iV2 - l)m" 
^ ~ m' + N ^ m" + N ' 

_ (iV^-l)(n/ + m-) 
^ m' + m" + N ' 

(2) now follows by a simple calculation. Q.E.D 

Corollary 2.4. The irreducible covariant sectors of the diagonal coset of type A 
corresponding to the basis of Vq, with its braiding and S, T matrices as defined in 
^2.1, is a unitary Modular Tensor Category (cf. [Ta]). 

Proof: By the definition of unitary Modular Tensor Category as on P. 74 and P. 
113 of [Tu], it is enough to show that the Y matrix is invertible, which follows from 
(l)ofTh.2.3. Q.E.D 

When the Z action on exp is free, i.e., for any (i, ct) G exp, a"*(i, a) = (^, ct) 

iff N\s, it is easy to see using (2) of Th.2.3 that Sab — NSijSap where A := 
P{i ® a),B := P{j ® /?) and both A, B are irreducible. 

Let us calculate ^'-matrices in the case AT is a prime and there exists a (necessarily 
unique) fixed point F := P(?'o ® cto) ^ under the action of cr. By lemma 2.1, 
F — 'YliKiKN with Fi irreducible and di?. = -^dp- Recall Sah '■= |5'|~^Ya6) where 

,~,2 1 1 1 



(T = 



Sli Sl 



, which follows from (2) of Th.2.3. 

So Sab = NSiiSiiYab, and by (3) of Lemma 2.2 Sab for = P{'i ® (^) ^ Fi is 
determined as follows: 

Sab = NSijSaf3 (2) 

if 6:=P(j0/3) ^Ffc, and 



'S'oFj. — SiiQSaao (3) 

It remains to determine Sp f - Note 

STS = T-^ST-^ 

, and Tab = ^ab^^a, where u>a = oJaOJ., and uj is determined by (2) of Th.2.3 and (3) 
of §2.1 as: 

^ exp(^^(CG - Ch)) 
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We have 

a 

= ^SpiFil^FiSaFk + ^ SpiAl^ASAFk 

I A^F 

^ ^F'^SpiFiSpiFk + X] SpiAi^'ASAFk 
I A^F 

= Jpi^FiFk ~ X/ ^FiBSsFk) + ^2 ^FiA^aSaFu 
B^F A^F 

= uSpS^.p^ + ^ SpiAi^^A — ^F)SAFk 
Ai^F 

= ufp^FiFk + J;H X/ ^FAi^^'A - i^F)SAF 
Ai^F 



= uipSp.p^ + —2 ^ SpAi^^'A — ^^f)SaF 



Ar2 

A 

, where we used S'^ is equal to conjugate matrix in the fourth =, and (3) of Lemma 
2.2 in the sixth =. So we have 

Sp^p^ — uJp^ + <^F^-T7^ ^ Spa{uJa — ^^f)Saf 



But 



Spa{^A — ^f)SaF ~ ^ Sp^A{i^A—'^F)SAFj 

AeVb A£Vo,l<i,3<N 

= ^ Sf^ai^'aSaFj — ^ Sf^a^fSaFj 

A£Vo,l<i,3<N AeVo,l<i,3<N 

= ^ "^Sp^p. — ^ Sp^a^fSaFj 

l<i,j<N A€Vo,l<'i,3<N 

= UJp '^Spp—UJp ^FiFj 
^<'i,3<N 

= UJp '^Spp — uipN 

, where Spp — \a\~^Ypp, and in the fourth = we used (4) of lemma 2.2, and 
in the last step we used F = F and 



J2 Sf,p, = {F,F) = {F,F) = N 

^<i,3<N 
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. So we have: ^ 

SpiFk = ^p'^Sp.p^ + j^{Sff - oj'f^N) 

Let us show 

oj'f^ = ojf^oj^ = 1 

. Recall uf = exp(27rzAir), and since F is the unique fixed point, by a simple 
calculation using (10) of §2.1 we get 

_ N{N'^ - 1) 1 1 1 

^ ~ ^4 24 ^m' + N ^ m' + N ~ m' + m" + N^' 

and it follows that ^ 

(jj = exp(-27rz— (Cg - Ch)) = (^f^ 

by (2) of Th. 2.3, so a;> = 1. 

Therefore we have ^ 

. Since F = F, Sfa is real for all A, so SFka is real for any irreducible a, and we 
must have Fk = Fk since S matrix is invertible. So: 

SF,F,=S,k + ^{SFF-N) (4) 

. The formula (2), (3) and (4) above agree with formula (4.40) of [FSSl] (Note our 

Sff — NSi^if^Saoao, where F = P{io ® cto)). However one should notice that our 
definition of S matrices are very different from those of [FSSl]. 

By formula (7) in §2.1, we can also determine all the fusion coefficients in this 
case using (2), (3) and (4). By (1) of lemma 2.2, it is enough to determine Np^^^, 
and the formula is: 

^f:f, = iv3^^^'^>+^^ N j;p)+s;^m,j,k+^-Sjk-s^i-s,,) 

, where {FF, F) can be calculated by using the knowledge of the fusion coefficients 
of G and H by Th.4.3 of [X4]. 

In [FSSl] and [FSS2], certain formula about 5" matrices were derived from other 
considerations in the case when is not prime and other types of simple simply 
connected Lie groups, and it will be interesting to extend our calculations above to 
these cases and to see if the results agree with [FSSl] and [FSS2]. 

By Cor. 2. 4, one may calculate 3-manifold invariants, denoted by tq/h, using S 
matrices obtained above as in [Tu]. Our calculations on some lens space suggest 
that 

, where c(M) e Z depends on the three manifold M , and it will be interesting to 
see if this is true in general. 
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3. Miscellaneous Results 

3.1 KWH and KWC. Let H C Gk he as in the introduction. Through out this 
section, we will assume the following: H and G verifies similar statements as Cor. 1 
in §34 of [W2] (cf: comments after (12) in §2.1) , and H C Gk is cofinite as defined 
on Page 18 of [X4]. 

Note the assumption is satisfied by many examples (cf. Cor. 4.2 of [X4]) and is 
expected to be true in general. 

We also assume that H C Gk is not conformal, so the coset theory is non-trival. 

We will use the notations of §4.2 of [X4] and ideas of [X2]. We denote the set 
of irreducible sectors of ditti^x by V. Notice Uj e V, and these are referred to as 
"special nodes" in §3.4 of [XI]. Let: 

bev 

where are nonnegativc integers. Denote by 1/^ the matrix such that (V^)'^ = 
V^^. Define matrix by A^^^^ = (ca, b) for a,b,ce V. Then = V^),Nc. Since 
[«i®a] = [«i®a], WjCtiigix] = [ai^xaj], V^, N^j are commuting normal matrices, so 
they can be simultaneously diagonalized. Recall the irreducible representations of 
the ring Gr(Cfe) generated by X's are given by 

Assume 

i,/Lt,se(Exp) 

, where i/ja'^'^^ are normalized orthogonal eigenvectors of (resp. Nfj^) with 

S S ' - 

eigenvalue (resp. ^) . (Exp) is a set of i, /U, s's and s is an index indicating 

the multiplicity of i, jjL. We denote by Exp the set of (i, /x) such that (i, s) e {Exp) 
for some s. Recall if a representation is denoted by 1, it will always be the vacuum 
representation. The Perron-Frobenius eigenvector ij)^^'^^ is given by 'Ylia ^aO-i up to 
a positive constant. Note all the entries of ip^^'^^ are positive. 

Proposition 3.1. (z,q;) G Exp if and only ifb{i,a) > 0. 

Proof: RecaU (1) of §1: 

b{i,a)= Y SijSap{ii,a), (1,1)). 
By the proof of (2) of Prop. 4.2 of [X4] and (2) of Cor. 3.5 of [XI] we have 



{{i, a), (1, 1)) = (a-jai^a, 1) = {cTiama, 1) 
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, so: 



b{i,a) = ^ SijSai3{cr-jai^p,l) = ^ SijSap{NjV^)ii 

ihP) (j,/3) 



-Sps Sjk I , (fc,<5,s)|2 



E • ops 'Jjk I , {k 

{k,5,s)e{Exp) ^'^^ 

^ b\oi '-'1* 

. Note the equality above is similar to (1) on Page 12 of [X2], and the rest of the 
proof is the same as the proof on Page 12 of [X2]. Q.E.D. 

Note if a) > 0, then (i,a) G exp, so by Prop. 3.1 Exp C exp^ and KWC is 
equivalent to the statement that Exp = exp. 

Proposition 3.2. Ifb{i,l) > 0, then = 

Proof: If b{i, 1) > 0, by Prop.3.1, {i, 1) G Exp. Suppose {j, (3) >~ (1, 1). Then 

iU, P), (1, 1)> = (f^jOi®^, 1) = {(^j, ai®/3) > 
, since aj is irreducible, it follows that 

, and if 6 = ai(g)/3 — CTj-, then := — Nj is a normal matrix with non- negative 
entries, with a Perron- Frobenius eigenvalue ^ — It follows that 

' ° Sii '^'11 

Sii Sii Sii Sli 

S(31 I Sji . 



> 



> 



Sii 

Sf31 Sji 



, and so all the > are =, which happens only if 

Sli Sii 

. Prop. 3.1 now follows from the definitions. Q.E.D. 
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Theorem 3.3. If H C Gk satisfies (2) in the introduction, then KWH is equivalent 
to KWC. 

Proof: We just have to show that KWC imphes KWH. 

By (2) of the introdcution we have if ((1, 5), (1, 1)) > 0, then 5 = 1. For any a, 
we have (cf. Prop.4.2 of [X4]): 



— (ai(g)aai(g,/3, 1) — ^a«(oi®<5, 1) 



Ni-^{{1,5),{1,1)) 



. In particular ai(g)/3, V/3 is irreducible. 

Suppose ((j, (1, 1)) > 0, then (ajai^p,!) > 0, and so {crj,ai(^p) > 0. Since 
both cTj and ai^is are irreducible, it follows that 



Now suppose {i,a) e exp. By KWC, b{i,a) > 0, so by Prop. 3.1, {i,a) e Exp, 
and from aj = ai^p we must have: 

Sji Sf}(x 

Sli Slot 

, and therefore 

|2 

, which proves KWH. Q.E.D. 

Let us give an example which does not satisfy the assumption of our theorem, 
and verifies KWC but not KWH. This is the coset SU{2)s C SU{3)2 discussed on 
Page 32 of [X4] (also cf. [DJ]) and we will use the notations there. The Vacuum 
representation space H of LSU{3) at level 2 decomposes as: 

H = (00, 0) + (00, 4) ® 4 + (00, 8) ® 8 

, and since 

(00,0) = (00,8) 

as representations of the coset, our assumption is not satisfied. By the ring structure 
given on Page 32 of [X4] we checked C2 is satisfied, which implies that KWC is true. 
However, since 

(11, 4) = (00,0) 
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and (10, 4) e exp, KWH implies that 



'S'ii,iO'S'4,4 > 



. But a direct calculation shows 




1 - Vb 
2 



and 




, which shows that 



'S'ii,lO'S'4,4 < 



since 5*00,10 > 0. In fact this was discovered when we verified C2 in this example. 

Note that all diagonal inclusions of type A satifies the assumption of Th.3.3 by 
2.7.12 of [KW]. To give a slightly different example, let us consider the following 
inclusions 



with A; e N, where the first inclusion is diagonal, the second inclusion comes from 
the conformal inclusion SU {2)4 C SU{3)i, and the third inclusion comes from the 
conformal inclusion SU {3)2 x SU {2)3 C SU{6) (cf. [X3]). 

By (2) of Prop.3.1 and (2) of Cor.3.1 of [X4], the inclusion SU {2)iik C SU{6)k 
is cofinite and verifies the assumptions at the beginning of this section. Note if 
(1, a) y (1, 1), then G Z. Here 1 < a e Z < llA; + 1 and A„ = So if 

Ilk + 2 is prime, then (l,Q!)>-(l,l)iffQ: = l, and it follows that the conditions of 
Th.2.3 are satisfied. So the conclusions of Th.2.3 hold for the inclusion 



if 11 A; + 2 is prime, and by Dirichlet's theorem, there are infinitely many such A;'s. 
3.2. A property of C2. 

Proposition 3.4. If Hi G H2, H2 G verifies C2 or is a conformal inclusion, 
assume Hi C Gk is not a conformal inclusion to avoid trivality, then Hi C Gk 
verifies C2. 

Proof: For simplicity we will use x,y,z to denote the irreducible representations 
of LHi, LH2 and LG respectively, and A,B,C to denote the Vacumm sector of 
cosets Hi C H2,H2 C G, Hi C G respectively. Note we have natural inclusions 
A ® B <Z G. From the decompositions: 



SU{2)iik C SU{2)8k X SUi2)3k C SU{3)2k x SU{2)3k C SU{6)k 



SU(2)iiu C SU{&)k 
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we conclude that 

y 

, which is understood as the decomposition of representation Tr^^,^) of C when 
restricted to A<Si B C C. By local equivalence, the statistical dimension of 

7r(,,,)(A(/)®i?(/))C7r(,,,)(C(/)) 

is the same as that of 

7r(i,i)(A(/)®S(/))C7r(i,i)(C(/)) 

( / is a proper interval of the circle), which is easily seen (by using Haag duality) 
to be 

y 

. Here when H2 C G (resp. Hi C H2) is a conformal inclusion, (resp. .j^)) 

is defined to be the multiplicity of irreducible representation y (resp. x) which 
appears in z (resp. y) when restricting to LH2 (resp. LHi). 

So the statistical dimension of the inclusion: 7r(^^a;)(A(/)(8)i?(/)) C 7C(^z,x)iC{I)) C 
T^izM^i^"))' ^ '^{zMM^'') ® ^i^''))' i^" is the complement of / is S^) is 



d(z,x)^d^i,y)d(y,i) 



. On the other hand, by [L6] , the statistical dimension of the above inclusion is also 
given by: 

V 



, and so: 



, therefore 



d{z,X)^d^l^y)d^y^l) = ^d^^^y)d^y^^) 



, T.yd{z,y)d{y,x) 

d'iz,x) ~ 



. The proof now follows from the assumptions and 

b{z,x) = ^b{z,y)b{y,x) 
y 

which follows from Th. B of [KW]. Q.E.D. 
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Let us give one application of the above proposition. Consider the superconformal 
coset models (cf. [Gep], [LVW] or [NS]): 

SU{m + n)k X SO{2mn)i 

G{m,n, k) — 



SU{m)n+k X SU{n)m+k x U{1) 

mn{m-\-n) (m+n+fc) 

. In our setting, when 2mn > 2, the inclusion is given hj H G G with H = 
SU{m)n+kxSU{n)m+kxU{l)^ri{m+n)im+n+k) and G = SU{m+n)kXSpin{2mn)i. 
The inclusion H G G is constructed by the composition of two inclusions: 

H c SU{m)n X SU{m)k x SU{n)m x SU{n)k 

X U{l)ffin{m+n){m+n) X U {l)mn{m+n)(k) (1) 

and 

{SU{m)n X SU{n)m X C/(l)™n(m+n)(m+n)) X {SU{m)k X SU{n)k 

X (l)mn(m+n)(fe)) C Spin{2mn)i X SU{m + n)k (2) 
. Here we need to explain the inclusion 

SU{m)n X SU{n)m x U{l)mn{m+n){m+n) C Spin{2mn)i 

. This inclusion comes from the action of SU{m) x SU{n) x U{1) on the tangent 
space (~ C"^ ® of Grassmanian 

SU{m + n) 



SU{m) X SU{n) x U{1) 

, which gives an inclusion 

SU{m)n X SU{m)n X U{l)mn{m+n){m+n) C S0{2mn) 

. But it is easy to check that the above inclusion maps all the elements of the funda- 
mental group of U (1) to trival element in the fundamental group of SO{2mn) (note 
SU{m), SU{n) arc simply connected), so the inclusion above lifts to an inclusion 
into Spin(2mn) . The inclusion 

SU {m)k X SU {n)k x U (l)mn(m+n)(fc) G SU{m + n)k 

comes from the conformal inclusion 

SU{m)i X SU{n)i x U{l)mn{m+n) C SU{m + n)i. 

The inclusion in (1) is diagonal, and the SU part of the inclusion verifies C2 by 
(4) of Th. 4.3 in [X4]. For the U{1) part, we consider the following inclusions: 

U{l)2a X U{l)2b C SU{2)a X SU{2),, 
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and 

Uil)2a+2b C SUi2)a+b C SU{2)a X SU{2)b, 

with a := ^mn{m + n)^, 6 := ^mn{m + It follows from (3) of Cor. 3.1 of [X4] 
and the proof of (1) of Prop. 3.1 that 

U{l)2a+2h C U{l)2a X U {1)21, 

is cofinite, and a much simpler argument (since all the sectors involved are auto- 
morphisms) as in the proof of (4) of Th. 4.3 in [X4] verifes C2 in this case. 

It follows from Prop.3.1 and Th.4.2 of [X4], [W2] and [JB] that G'(m,n,/c) coset 
verifies Conj.l of [X4], and so is indeed a "rational" conformal field theory. 

By Proposition 3.4, we see that when k=l and mn > 1, the above coset verifies 
C2. 

The fixed point resolution problems for ^(m, n, k) are discussed in [Gep], [LVW] 
(also cf. [NS]). It will be interesting to work out this problem along the lines of §2. 
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